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The stability problem is one of the main issues in the spectral approx-
imations of the hyperbolic problems such as the conservation laws. Firstly,
due to the absence of the the physical dissipation in the hyperbolic problems,
even minor errors or under resolution can cause the computation to become
unstable. Secondly, the non-linearity is prone to develop discontinuous solu-
tions in finite time. In the neighbor of the discontinuity, the numerical solution
exhibits a visible oscillation. This oscillation is due to the well known Gibbs
phenomenon, which is inevitable in any spectral approximation of discontinu-
ous functions. In this paper we propose a spectral element vanishing viscosity
(SEVV) method for the conservation laws in the semi-infinite interval. By
using a suitable mapping, the problem is first transformed into a modified
conservation law on a bounded interval, then the well-known spectral van-
ishing viscosity technique is generalized to the multi-domain case in order to
approximate this transformed equation more efficiently. The construction de-
tails and convergence analysis are presented. Under an usual assumption of
boundedness of the approximation solution, it is proven that the solution of the
SEVV approximation converges to the unique entropy solution of the conser-
vation laws. A series of numerical tests is carried out to confirm the theoretical
results.
Key words: conservation laws in unbounded domain, spectral element van-
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∂tv(y, t) + ∂yf(v(y, t)) = 0, ∀(y, t) ∈ (0,∞) × (0, T ], (2.1)
×ØÙ ½ÚÛÖ
v(0, t) = g(t) ∀t ∈ (0, T ],
ÜÝÞ ÚÛÖ
v(y, 0) = v0(y), ∀y ∈ (0,∞).
§2.1 ßàáâãä
§
Λ = (−1, 1),Ω = Λ × (0, T ]. åæ ÒçèéÖ
y = − ln 1 − x
2






∂tu(x, t) + (1 − x)∂xf(u(x, t)) = 0, ∀(x, t) ∈ Ω,
u(−1, t) = g(t), ∀t ∈ (0, T ],
u(x, 0) = u0(x), ∀x ∈ Λ,
(2.3)
÷N¤
u(x, t) = v(y(x), t), u0 = v0(y(x)). ïø ùúûÔ"Õ (2.3) Áüý ï Ï î
þ ñò (2.3) Áý ïÿ  (  ò Á ), 	
 ÒÁÚÛÖ
  Á (U, F ), U ′′(·) ≥ 0  F ′(·) = U ′f ′(·), 















* +, ú.-/ÚÛ (2.4) ÁNÔ"Õ (2.3) Á ÿ 0ý ï ÁÏ213Àú2 * å
æ ÊËÌÍÎ435ú   u = lim
ε→0
uε, 67 uε 0ÒÓÊËNÔ"ÕÁÖ
∂tu
ε(x, t) + (1 − x)∂xf(uε(x, t)) = ε∂x(Q∂xuε(x, t)) , ε > 0,
67 Q 0 ïð SVV 89 ú;: ó<=>?ñò Ï4À@ÊËÔÕÁ ÿABñòî Ö




ε(x, t))∂x((1−x)φ(x, t))+εQ∂xuε(x, t)∂xφ(x, t)]dxdt = 0.
(2.5)
GH  ½N¾"¿ÂÃÄÔÕúJIÔÕ (2.5) ó KLMÓN þ ïð!O#9 1− x, P 0





L2(Ω) î\]ñòó Λ Ü Ω ÀÁ Lebesgue ^ Å *_ EF`








Gd ÁeF î Ö
‖φ‖ =
√




H1(Λ) := {φ ∈ L2(Λ) : ∂xφ ∈ L2(Λ)},
H10 (Λ) := {φ ∈ H1(Λ) : φ(−1) = φ(1) = 0}.
ÐÑgÈÉhi 	
 R gFj _ \ úlk»mn!op Gauss qr _s B Ö [ {ξj}Nj=00






















ρjφ(ξj), ∀φ ∈ IP2N−1(Λ), (2.6)
67 IPN(Λ) 0 ñòó Λ ÀÁ v Fü æ N ÁNL B `Nö"Ï [ C(Λ) ñ

















Ω̄k, Ωk = Λk × [0, T ],
67 Λk = (ak, ak+1), −1 = a1 < a2 < · · · < aK+1 = +1. ñò\ N v NL B`NöÒÖ
IPN,K(Λ) := {φ ∈ L2(Λ) : φ|Λk ∈ IPN(Λk), 1 ≤ k ≤ K}.
î þ ¾"¿ \  Ü ÈÅÎúk»èéÖ
Λk
F k→ Λ ,
67 F k ñòî Ö




ÀÓÁèék» *   g¾"¿ÀÁ Gauss-Lobatto t ξkj  Gd Á|}F
ρkj ,
a» ëñò ÒÖ
ξkj = ak + (ξj + 1)h
k/2, ρkj = ρjh































 R ‖ · ‖N  Gd Á  eFú 67 N ï  { F (K,N).  ¡
‖ · ‖N
Ü ‖ · ‖ 0¢£Á ( ¤ Ð [18]), i.e.,
‖φ‖ . ‖φ‖N . ‖φ‖, ∀φ ∈ IPN,K(Λ), (2.8)
67¥¦ A . B î Öbz ó§ N ¼¨Á©F c, ~  A ≤ cB.
ª« ú¬
Gauss r _s B úbk» *   gÖ



















φ)N + (B(uN ), φ)N , ∀φ ∈ VN ,
(2.10)
67 VN = H1(Λ) ∩ IPN,K(Λ), IN 0®j 89 ú εN 0ÊË¯°úb-/
εN = O(1/N
α), 0 < α < 1. (2.11)
±²
[19]
"Á³  ÅÎú (2.10) "Á Ù ½ 89 B(uN ) ëñòî\ NL
B Ö ∀t ∈ [0, T ]
B(uN )|Λ1 = 2µ(t)
a2 − x
a2 + 1















B(uN )|Λk = 0, 2 ≤ k ≤ K,
÷
µ(t)
0¨ > ö t ÁEFÏ÷´úbk» ñò ÈÉÊË 89 Q Ö
Qφ|Λk = Qkφk, 1 ≤ k ≤ K, ∀φ ∈ VN , (2.12)
÷"ú ¥ φk := φ|Λk . Qk 0 ïð9 ¾ö"À ñò Áµ¶ÈÊË 89 Ö
Qkφk := (Q̃φ̃k) ◦ F k, (2.13)
67
φ̃k := φk ◦ (F k)−1.
Q̃












Q̂i = 0, 0 ≤ i ≤ mN ,
0 ≤ Q̂i ≤ 1, mN < i ≤ N.
¸¹ ú ¤ F mN º ñ þ Q̃ Á» R¼½ Ï ó 3¾¿ 8 ú ïøÀ mN = O(√N) Á0 À mN = N/2 [12]. ÂÃ  Bürgers Åêú Maday ¢Ä [9] À mN < O(N1/4),
 Q̂i -/
1 ≥ Q̂i ≥ 1 − (
mN
i
)4, mN < i ≤ N. (2.15)
































































0 , t) − (Q∂xukN)(ξkN , t)), 1 ≤ k ≤ K − 1.
(2.18)
ó ÌË Ù ½ÀúÍÎ
∂tu
1













ó (2.19) B Ï ÙÐÑ ï Lk» * ¤ Ð [19] ÁÅÎÒÓ µ(t). (2.17)-(2.19)
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